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A B S T R A C T

The complex magneto-mechanical coupling that governs the material response of magnetorheological elas-
tomers (MREs) requires computational tools to assist the design process. Computational models are usually
based on finite element frameworks that often simplify and idealise the magnetic source and the associated
magnetic boundary conditions (BCs). However, these simplifications may lead to important disagreement
between the actual material behaviour and the modelled one, even at the qualitative level. In this work,
we provide a comprehensive study on the influence of magnetic BCs and demonstrate the importance of
considering them in the overall material-structure modelling strategy. To this end, we implement a magneto-
mechanical framework to model the response of soft- and hard-magnetic MREs under magnetic fields generated
by an idealised far-field uniform magnetic source, a permanent magnet, a coil system, and an electromagnet
with two iron poles. The results unveil remarkable heterogeneities in computed local magnetostriction and
magnetic fields depending on the magnetic setup used. A detailed discussion based on material and structural
contributions provides a robust, rigorous, and necessary modelling route for future works.
. Introduction

Magnetorheological elastomers (MREs) are attracting tremendous
ttention due to their ability to mechanically respond to external mag-
etic stimuli. Numerous state-of-the-art applications lie in their abili-
ies to modify their mechanical properties and to perform functional
hape changes. Among others, soft actuators (Moreno-Mateos et al.,
022b), functional substrates for mechanobiology studies (Moreno-
ateos et al., 2022a), drug delivery systems, surface patterning (Psarra

t al., 2017, 2019), and metastructures (Lum et al., 2016; Danas, 2017;
im et al., 2018; Alapan et al., 2020; Montgomery et al., 2021) take
dvantage of such features. MREs consist of an elastomeric matrix
illed with magnetic particles that, under magnetic actuation, provide

magneto-mechanical coupled response (Danas et al., 2012; Bode-
ot et al., 2018; Metsch et al., 2021; Silva et al., 2022; Moreno-
ateos et al., 2023; Saber and Sedaghati, 2023). In turn, the fillers

an have either soft (i.e. fully energetic) or hard (i.e. dissipative)
agnetisation response. On the one hand, soft-magnetic MREs (sMREs)
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1 The shape-morphing capability of hMREs lies in the transmission of torques from the pre-magnetised particles to the soft matrix (Moreno-Mateos et al.,
022c,b, 2023; Garcia-Gonzalez et al., 2023).

are ideal to tune the mechanical properties of the composite under
magnetic actuation. This relates to the so-called magnetorheological ef-
fect (Stepanov et al., 2013; Vatandoost et al., 2020). On the other hand,
hard-magnetic MREs (hMREs), which are naturally anisotropic due to
the pre-existing permanent magnetisation direction, offer a remarkable
shape-morphing capability owing mainly to significant magnetic torque
mechanisms,1 (Kalina et al., 2017; Moreno-Mateos et al., 2022c; Zhang
et al., 2023).

In general terms, the manufacturing parameters of magneto-active
structures clearly determine the functional response of the composite
influencing magnetorheological, magnetostrictive, and torque effects.
Some of these factors include the type and amount of magnetic fillers,
the stiffness of the matrix, and the microstructural arrangement of the
fillers within the matrix (Kalina et al., 2016, 2020b). However, despite
being the microstructural parameters determinant to tune the material
response, there are two additional macroscopic factors that are crucial:
(i) the magneto-mechanical boundary conditions (BCs) and (ii) the
geometry of the magneto-responsive structure (Keip and Rambausek,
vailable online 7 July 2023
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2016; Lefèvre et al., 2017; Keip and Rambausek, 2017; Rambausek and
Danas, 2021).

To fully grasp the macroscopic response of the MRE, it is paramount
to comprehend the interplay of microscopic structural formations and
their interactions across various local areas of the sample (Lefèvre et al.,
2017; Lefèvre et al., 2020). In some recent works, the authors Danas
(2017), Mukherjee et al. (2020), Lucarini et al. (2022) delved into
the effects of the structural interplays and their competition with
microstructural mechanisms. A set of experiments characterised the
macroscopic behaviour while a homogenisation framework provided
insights into the microstructural mechanisms. In that study, and in qual-
itative agreement with alternative experiments in a different magnetic
setup (Bodelot et al., 2018), an intriguing point was that the experi-
mental sMRE samples expanded under magnetic actuation whereas the
homogenisation results predicted compression of the medium. Based on
such observations as well as on earlier research combining homogenisa-
tion models and structural boundary value simulations (Lefèvre et al.,
2017), the work of Lucarini et al. (2022) confirmed the necessity to
explicitly reproduce as realistically as possible the actual macroscopic
boundary conditions. In this respect, several works showed the impor-
tance of describing the entire boundary value problem (BVP) of the
experimental setup (Zhao et al., 2011; Ju et al., 2012; Lefèvre et al.,
2017; Dorn et al., 2021; Moreno-Mateos et al., 2022a). This enables
the understanding of the actual effect of the magnetic field and the
straightforward comparison of the experimental and numerical results.
Overall, the previous studies emphasised the importance of modelling
the real magnetic BCs to recreate the functional response of MREs.

The most common approach to study magneto-mechanical problems
is the assumption of ideal homogeneous magnetic fields (Biro and
Preis, 1989; Kalina et al., 2020a; Dadgar-Rad and Hossain, 2022).
However, such an interpretation of the magnetic field may lead to
significant deviations from the experimental observations with real
actuation setups. Therefore, an important question arises on whether
the explicit representation of the BCs is needed depending on the
analysis to be performed. The idealisation of the external magnetic field
is appropriate to study the intrinsic material properties, uncouple them
from structural influences and understand the microstructural defor-
mation mechanisms of MREs (Danas, 2017). Nevertheless, the study
of a combined material-structural response under realistic magnetic
actuation requires a comprehensive approach, i.e., a complete model
including the MRE sample, the magnetic source and the surrounding
air. In this more complete approach, the geometry of the sample
together with the material characteristics play a critical role in the
heterogeneous deformations and the potential formation of structural
instabilities (Danas and Triantafyllidis, 2014; Psarra et al., 2017, 2019;
Zhang and Rudykh, 2022; Li et al., 2022).

The object of this work is to provide a roadmap on the compu-
tational modelling of real magneto-mechanical problems. We restrict
attention to simplified constitutive frameworks, while we maintain full
three-dimensional finite element (FE) implementations to highlight the
importance of the BCs on the magnetostriction of MREs with regard
to the macroscopic problem addressed. To this end, we consider four
different magnetic actuation setups: (1) a homogeneous far-applied,
idealised magnetic field, (2) a field induced by permanent magnets, (3)
a coil system mimicking those used in most magnetorheology devices,
and (4) an electromagnet with two iron poles with fairly uniform fields
in the mid-section but in a finite domain. The four approaches are
implemented and tested to actuate s/hMRE samples with different,
albeit simple cylindrical geometries. The results are then compared to
experimental data allowing to uncover significant differences in the
magnetostriction and the formation of interesting instabilities leading
2

to complex deformations.
2. Modelling framework

In this section, we propose a simplified energetic formulation for
s/hMREs. The formulation has its roots in more complete ones includ-
ing nonlinear magnetic response (Mukherjee et al., 2020), magnetic
dissipation (Mukherjee et al., 2021) as well as viscoelasticity (Garcia-
Gonzalez and Hossain, 2021a; Lucarini et al., 2022; Rambausek et al.,
2022). While the proposed numerical setting can be used to address
all those cases, in the present study the interest lies in small magnetic
fields and mechanically very soft MREs. The goal is to analyse the
relative magnetic interactions between the MRE and the surrounding
boundary conditions. For this reason, we restrict our attention to a
simplified, but otherwise sufficient, model which allows to analyse the
main experimental observations at hand.

2.1. Constitutive model

The deformation of MREs is modelled at finite strains. The deforma-
tion gradient 𝐅 = 𝛁0𝐮+ 𝐈 and its Jacobian 𝐽 = det (𝐅) are the kinematic
entities of the medium 𝛺0 and its boundary 𝜕𝛺T

0 , with 𝐮 denoting
the displacement field, 𝛁0 the gradient in the material (reference)
configuration, and 𝐈 the second-order identity tensor. Moreover, the
magnetic problem uses a vector-potential formulation to model the
electric current density (𝐉) on the coil (Biro and Preis, 1989; Dorn et al.,
2021). The definition of the magnetic induction from a vector-potential
field as B = 𝛁0×𝐀, with 𝛁0× denoting the curl operator in the material
onfiguration, is specially adequate because 𝐀 is the work conjugate of
. Therefore, the resulting primary fields of the problem are 𝐮 and 𝐀.

Using an eddy current approximation, which consists in neglecting
he electric displacement currents in the Maxwell equations (Ammari
t al., 2000), one may define the total potential energy as the sum of
he internal energy, the work done by the electric currents, the body
orces (𝐟), and the traction forces (𝐓) as

𝛱 = ∫𝛺0

𝛹 (𝐅,B)d𝑉 − ∫𝛺0

𝐉 ⋅ 𝐀d𝑉 − ∫𝛺0

𝐟 ⋅ 𝐮d𝑉 − ∫𝜕𝛺0
T
𝐓 ⋅ 𝐮d𝑆

+ 1
2𝜇0𝜁 ∫𝛺0

(

𝛁0 ⋅ 𝐀
)2 d𝑉 . (1)

Note that the last term in Eq. (1) introduces the Coulomb gauge
onstraint 𝛁0 ⋅ 𝐀, with 𝛁0⋅ being the divergence in the material con-
iguration, to ensure the uniqueness of the vector potential and its
ontinuity across the phases interfaces (Danas et al., 2019; Dorn et al.,
021). The parameter 𝜁 should be adjusted numerically to be small
nough thus acting as a penalty that imposes the Coulomb constraint. In
his work, a value of 𝜁 = 1⋅10−7 delivers converged and stable numerical
esults. The vacuum magnetic permeability is denoted with 𝜇0.

To obtain the weak form, let us minimise Eq. (1) through the
ariation of the energy with respect to 𝐮 and 𝐀

𝛿𝛱 =∫𝛺0

(

𝐏 ⋅ ∇0𝛿𝐮 +H ⋅ (∇0 × 𝛿𝐀)
)

d𝑉 − ∫𝛺0

(𝐉 ⋅ 𝛿𝐀 + 𝐟 ⋅ 𝛿𝐮)d𝑉 (2)

− ∫𝜕𝛺0
T
𝐓 ⋅ 𝛿𝐮d𝑆 + 1

𝜇0𝜁 ∫𝛺0

(

𝛁0 ⋅ 𝐀
) (

𝛁0 ⋅ 𝛿𝐀
)

d𝑉 .

Moreover, the constitutive equations to obtain the work conjugates
and H can be derived applying the Coleman–Noll framework (Dorf-
ann and Ogden, 2004)

= 𝜕𝛱
𝜕𝐅

, H = 𝜕𝛱
𝜕B

. (3)

Next, let us define the total energy density as the sum of a mechan-
ical, matter magnetisation, and free space (i.e., magnetic vacuum or
Maxwell) contributions,

𝛹 𝐅,B = 𝛹 + 𝛹 + 𝛹 . (4)
( ) mech mag maxw
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The mechanical contribution is defined with a Gent hyperelas-
tic model and the volumetric contribution from Miehe and Schänzel
(2014),

𝛹mech (𝐅) = −
𝐺𝐽m
2

ln
[

1 −
𝐼1 − 3
𝐽m

]

+ 𝐺
𝛽
(

𝐽−𝛽 − 1
)

, (5)

here 𝐼1 = tr
(

𝐅T ⋅ 𝐅
)

is the first mechanical invariant, 𝐺 the shear
odulus of the composite material, 𝐽m the stretching threshold, 𝛽 =
𝜈∕(1 − 2𝜈), and 𝜈 is the Poisson’s ratio. We note that one could po-
entially use a homogenisation model for 𝛹mech, e.g., that proposed
n Lopez-Pamies et al. (2013). However, the present MREs were shown
xperimentally to have a quasi-incompressible response with Poisson
atios slightly smaller than 0.5. For this reason, in the present study
e identify 𝐺 and 𝜈 with those obtained from the corresponding
xperiments (see later Table 1).

The matter magnetisation contribution consists of energetic and
emanent contributions, defined here as

mag (𝐅,B) = 𝛹mag,e + 𝛹mag,r = −
𝜇𝑟 − 1

2𝜇0 𝜇𝑟 𝐽 2
𝐼e
5 + 𝐼er

5 , (6)

where 𝜇𝑟 is the relative magnetic permeability, the energetic invariant
𝐼e
5 = (𝐅 ⋅ B) ⋅ (𝐅 ⋅ B), and the remanent invariant 𝐼er

5 = B ⋅ 𝐂1∕2 ⋅ H𝑟,
with H𝑟 denoting a remanent magnetic field that a priori needs to
be evaluated via a complete dissipative framework (Mukherjee et al.,
2021; Mukherjee and Danas, 2022).2 The remanent magnetic field H𝑟

allows to model more generally the remanent magnetisation of the pre-
magnetised hMRE and the permanent magnet. We also note that the
proposed function (6) is a reduced version of the more complete energy
density proposed in Mukherjee and Danas (2022). Nonetheless, in the
present study this version suffices to analyse the boundary condition
effects that we are interested in.

Finally, the free space contribution is given by

𝛹maxw (𝐅,B) = 1
2𝜇0 𝐽

𝐼e
5 . (7)

Remark. The prescription of a constant H𝑟 field (per magnetic do-
main) in (6) implies that the remanent magnetic field or magnetisation
is known a priori. A more realistic approach would require consid-
ering the remanent magnetisation as an internal variable that would
evolve during the pre-magnetisation stage according to the BVP, the
geometry of the MRE structure and the real distribution of the mag-
netic field (Mukherjee et al., 2021; Mukherjee and Danas, 2022).
Consequently, the previous approach would lead to more intricate and
by construction precise pre-magnetisation patterns. Nonetheless, in a
number of practical fabrication processes where a magnetiser is used
to pre-magnetise a simple MRE geometry, as is the case in this study, a
very large magnetic field is applied for a short time leading to almost
full saturation and thus an almost constant saturated value of H𝑟

everywhere in the solid. Therefore, the prescription of H𝑟 is a perfectly
uitable approximation exactly equivalent to that of establishing a per-
omain magnetisation profile (Zhao et al., 2019; Yan et al., 2023). In
act, in the absence of an external magnetic field the internal remanent
ariable H𝑟 may be directly associated with the Eulerian magnetisation
n the current configuration (Mukherjee and Danas, 2022). However, if
omplex MRE geometries with strong interactions in between different
omains are involved, these pre-magnetisation profiles may still remain
omplex and thus shall not be prescribed in an ad-hoc manner since
hey may introduce significant errors.

2 In previous studies, the internal variable was denoted as H𝑟 in Mukherjee
t al. (2021) and as 𝝃 in Mukherjee and Danas (2022). The first notation was
riginally proposed to denote a remanent 𝐻-field in an 𝐅 −𝐇 formulation. In
he second more recent study, it was shown that the internal variable remains
alid and exactly the same in the dual 𝐅−𝐁 formulation. In this work, we will
enote with H𝑟 the internal variable serving to describe a remanent magnetic
ield similar to the plastic strain in elasto-plasticity models with units those of
3

he 𝐻-field and the magnetisation.
emark. Finally, we note that the energy density (6) leads to a linear
agnetic response of sMREs (by setting H𝑟 = 𝟎) and to a linear
agnetic response around a pre-magnetised state for hMREs (by setting
𝑟 = 1). In turn, by setting both 𝜇𝑟 = 1 and H𝑟 = 𝟎, we model non-
agnetic domains such as air. Other materials involved in the magnetic

ource device, such as iron or coils, may be also modelled with the same
nergy function by assigning corresponding magnetic properties and
airly large mechanical moduli so that no straining is induced therein.
oreover, the proposed model is uncoupled at the pure material scale

n the sense discussed by Danas (2017), i.e., when Eulerian background
ields are applied at the pure material point. This choice has been
one on purpose here such that any observed local magnetostriction,
hown in the following section, is a pure consequence of the interac-
ion between the magnetoactive structure and the magnetic boundary
onditions.

.2. Numerical implementation

The FE computations are performed on different meshes, on sMRE
nd hMRE samples immersed in an air domain and subjected to dif-
erent magnetic (and mechanical) boundary conditions obtained by
odelling directly the magnetic source. These involve an ideal homoge-
eous field, a permanent magnet, a coil system, and an electromagnet
see Fig. 1) . All these setups establish the same magnetic field mag-
itude on the base of the sample, but produce a different spatial field
istribution.

Ideal domain. The mesh for the ideal homogeneous magnetic actu-
tion has 17, 308 elements and consists of a cylindrical MRE sample
mmersed in a surrounding air domain of dimensions 80 mm×80 mm×
00 mm (see Fig. 1.A). Next, we employ magnetic Dirichlet BCs on
he vector potential 𝐀. To this end, we impose on the boundaries
f the air domain 𝐀 = 1

2𝐵2𝑋3𝐞𝟏 − 1
2𝐵2𝑋1𝐞𝟑, where 𝑋1 and 𝑋2 are

the Cartesian coordinates and 𝐵2 the target ideal magnetic induction
to be established on the computation domain. As a consequence, the
application of the curl operator on the potential field (𝛁0 ×𝐀) leads to
a uniformly magnetic induction field along the 𝐞𝟐 direction.

Permanent magnet. The mesh for the case of a permanent magnet
contains 38, 122 elements. It consists of three domains: the cylindrical
sample, the permanent magnet and the free space (see Fig. 1.B). The
cylindrical magnet has a diameter of 20 mm and height of 10 mm,
and it is placed so that the magnetic induction on the sample is
approximately 200 mT. Both the sample and the magnet are immersed
in a cube of 100 mm edge length representing the free space. In this
case, all the components of 𝐀 are set to zero on the far air boundary.
Moreover, the permanent magnetisation of the magnet is prescribed
using Eq. (6), with 𝜇0H

𝑟 = 1.1 𝐞𝟐 T.
Rheometer coil system. The mesh for the coil system has 77, 763

tetrahedral elements. Five domains form this mesh: the sample, the
lower yoke, the coil, a free space interface between the sample and the
plate of the coil system,3 and the free space (see Fig. 1.C). The inner
diameter of the coil is 20 mm, the outer diameter is 40 mm, and the
height of the lower yoke, 40 mm. Furthermore, the diameter of the
cylindrical free space domain is 100 mm. The numerical simulation
takes advantage of partial axial symmetry to reduce the computational
domain.4 All the components of the potential vector are set to zero on
the free space boundary and, on the symmetry planes, 𝜕𝐴1∕𝜕𝑥|𝑥=0 = 0
and 𝜕𝐴3∕𝜕𝑧|𝑧=0 = 0. However, unlike the models for the homogeneous
field and permanent magnet, here a current density 𝐉 needs to be
applied in the coil. Note that this system reproduces the real conditions
in most magnetorheological rheometers, where a close loop controls

3 In order to allow the free deformation of the MRE sample, a thin interface
etween the sample and the plate of the coil system is modelled with the same
roperties of the free space.

4 Note that rotations of the samples could break down full axisymmetry.
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Fig. 1. Numerical domains of the BVPs to prescribe a magnetic field on MRE samples. (A) Ideal homogeneous magnetic field. Two domains compose the mesh: the sample
(green colour) and the free space (grey). (B) Magnetic field established by a permanent magnet. The sample (green), the permanent magnet (red) and the free space (grey) form
the numerical domain. (C) Coil system in magneto-mechanical rheology setups. The MRE sample (green) deforms under the actuating magnetic field induced by the electric coils
(red) in the vertical direction. The lower yoke (blue) of the magnetorheological device provides the structural support for the coils and the sample. Note that it reproduces the
experimental setup without the upper yoke. Finally, the free space (grey) surrounds the magnetorheological device and the sample. Note that a thin free space layer between the
sample and the yoke allows the free magnetostriction of the sample. (D) Electromagnet with iron poles to establish a vertical magnetic field. The MRE sample (green) immersed
in free space (grey) deforms under the magnetic field established by the coils (red) and the iron poles (blue). For all the BVPs, deformed configurations of the samples are shown.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
the current to establish the target magnetic induction to be measured
by the Hall probe on the base of the sample, i.e., on the Peltier plate.
Consequently, the azimuth current 𝐽𝜃 is adjusted to produce the desired
fields. For the three actuating frameworks, the boundary of the free
space, the lower yoke and the coils are mechanically fixed.

Electromagnet with iron poles. Finally, the mesh for the electromag-
net implements the same approach as the one for the rheometer but
includes two iron poles inside the two coil domains (see Fig. 1.D). The
poles serve to concentrate and enhance the uniformity and amplitude
of the applied magnetic field. The MRE sample is placed between the
poles. The inner and outer diameter of the coils are 150 mm and
450 mm, respectively, with a height of 125 mm. The diameter of the
iron poles is 90 mm and they are separated by 80 mm. Likewise, the
partial axial symmetry of the problem allows to simplify the computa-
tional domain. Note that the magnetic field is highly concentrated in
the cylindrical domain in-between the two poles, while the coils extend
way beyond that cylindrical domain. The magnetic field outside such
a virtual cylinder is almost negligible and it is not needed to add more
free space beyond the coil. The resulting mesh has 44, 604 elements.

For all the aforementioned BVPs, two types of samples are used to
analyse structural effects: a slender cylindrical sample with diameter
equal to 20 mm and thickness of 1 mm, as well as a bulky cylindrical
sample with diameter 4 mm and thickness of 1 mm. In addition, note
that the mechanical response of the surrounding air is defined as a
compressible material with very low stiffness so that no mechanical
constraints were imposed on the MRE sample (Pelteret et al., 2016;
Dorn et al., 2021; Moreno-Mateos et al., 2022a,b). For further strategies
for the treatment of the contiguous free space, the reader is referred
to Rambausek et al. (2022), Rambausek and Schöberl (2023). Apart
from the symmetry boundary conditions, no additional boundary con-
ditions need to be prescribed on the samples. These are immersed in
the free space and do not experience rigid body motion.

For each sub-domain, Table 1 contains the mechanical and magnetic
parameters used in the simulations on sMRE and hMRE samples. For
the hMRE case, the pre-magnetisation field is introduced in the solving
scheme as an initial linear ramp. Then, it remains constant and the
external magnetic field is applied, also as a linear ramp. Note that
4

the mechanical parameters have been obtained from experimental
data (Moreno et al., 2021; Moreno-Mateos et al., 2022a), whereas the
magnetic ones are determined with the computational homogenisation
framework presented in Lucarini et al. (2022). In addition, 𝜙 denotes
the volume fraction of the particles used during the experiments.

3. Results

3.1. Different experimental set-ups induce different deformation modes on
MREs exposed to the same magnetic field magnitudes

This section exemplifies that, despite prescribing the same magni-
tude of the magnetic actuation, different experimental setups may lead
to completely different deformation modes, mainly because different
magnetic heterogeneity is induced by the various setups locally. To this
end, we make use of three experimental systems that generate magnetic
fields of 200 mT on MRE samples. However, the nature of the magnetic
sources is quite different. Fig. 2 shows the magnetostrictions of sMRE
and hMRE, slender and bulky samples for actuation with the permanent
magnet, the coil system, and the electromagnet actuation setups. Note
that the case of the homogeneous far-field BC is an idealisation, thus
not achievable with a real actuation setup. The coil system and elec-
tromagnets allow the direct prescription of the magnetic magnitude. In
contrast, for the case of the permanent magnet a teslameter was used to
place the samples at a certain distance and establish the 200 mT field
on the base of the samples. Note, however, that magnetic lines outside
a cylindrical magnet tends to rotate very quickly thus inducing gradient
magnetic fields.

In order to further demonstrate the role of the magnetic BCs, we
actuate samples of different material nature (i.e., sMRE and hMRE)
and with different geometries. The results highlight the differences
in the magnetostriction of all sample types depending on the mag-
netic actuation. In particular, hMREs tend to be more unstable than
sMREs, as is expected by the significant torques present due to the
pre-magnetisation field.
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Table 1
Mechanical and magnetic parameters for the BVPs modelled to reproduce the different setups used to magnetically actuate on MRE samples. Note that
the values for the effective magnetic permeability are extracted from Lucarini et al. (2022). In addition, the remanent magnetic field is measured with
a teslameter on a pre-magnetised hMRE sample. The lower yoke is inherent to the rheometer BVP, the iron poles are implemented in the electromagnet
BVP, and the coils, in both.

Type of MRE
Mechanical Magnetic

Shear mod.
𝐺 [kPa]

Poisson’s
𝜈 [–]

Strechability
𝐽m [–]

Rel. magnetic
permeability 𝜇𝑟 [–]

Remanent magnetic
field 𝜇0H

𝑟 [T]

sMRE (𝜙 = 0.1) 1.6 0.47 1.7 1.28 0
sMRE (𝜙 = 0.2) 2.0 0.47 1.7 1.62 0
sMRE (𝜙 = 0.3) 2.9 0.47 1.7 2.1 0
hMRE (𝜙 = 0.3) 2.9 0.47 1.7 1 15 ⋅ 10−3

Free space 80 ⋅ 10−3 0.2 2000 1 0
Lower yoke 1 ⋅ 103 0.49 2000 1 0
Coil 1 ⋅ 103 0.49 2000 1 0
Iron pole 1 ⋅ 103 0.49 2000 2000 0
Permanent magnet 1 ⋅ 103 0.49 2000 1 1.1
Fig. 2. Empirical overview of the magnetostriction of sMRE and hMRE, slender and bulky samples attending to the magnetic actuation setup. (Left) Magnetic actuation
with a permanent magnet. (Middle) Actuation on samples placed on top of the magnetorheological device. The results have been extracted from Lucarini et al. (2022) and Moreno-
Mateos et al. (2022c). (Right) Electromagnet with two iron poles to establish a magnetic field in the space between them. The sample is placed in the middle of both magnetic
poles. Note that all setups induce a same 200 mT magnetic field on the sample (blue arrows denoting the 𝑏-field). hMRE samples are pre-magnetised in the vertical direction (red
arrow). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
3.2. Magnetic field lines resulting from magnetic boundary conditions de-
termine MREs deformation modes

Fig. 2 experimentally showed that a sample with a given geometry
responds in a different manner under different magnetic boundary
conditions. Hereafter, we provide a numerical comparison of the struc-
tural deformation of slender and bulky cylindrical samples under four
actuation conditions: ideal homogeneous field, permanent magnet, coil
system, and electromagnet with iron poles. Every framework is ad-
justed to establish a magnetic induction on the base of the sample of
200 mT. The frameworks are applied to explore the behaviour of sM-
REs and hMREs. For the hMRE samples, a constant pre-magnetisation
in the vertical direction is prescribed. Consequently, the inner re-
manent field interacts with the external magnetic field via Zeeman
interaction (Garcia-Gonzalez and Hossain, 2021b).

Fig. 3 provides a comprehensive view on the magnetostrictive be-
haviour of sMRE and hMRE samples, slender and bulky geometries,
for the four actuation setups. For the sMRE samples, the deforma-
tion under the ideal homogeneous field is almost uniaxial, with a
5

decrease of the diameter and increase of the thickness. The perma-
nent magnet actuation, however, leads to some intricate deformations
due to the non perfectly homogeneous magnetic field lines. In turn,
the coil system, commonly used in rheometer setups, leads to an
interesting vertical bending of the slender sample. Although bending
deformation modes are typical for hMREs with remanent magnetisa-
tion (transmission of torques from the pre-magnetised particles to the
matrix (Moreno-Mateos et al., 2022b)), it can also be obtained with a
sMRE and a heterogeneous magnetic field (Psarra et al., 2017, 2019;
Lucarini et al., 2022). For this actuation setup, the coil induces a
vertical field in the middle region that diverges on the upper region
where the sample is placed.

Finally, the electromagnet produces a deformed configuration close
to the one obtained with the ideal field. For the hMRE samples, the
ideal field produces an interesting structural instability. In an asymmet-
ric manner, one side of the slender sample undergoes convex bending
whereas the other performs a concave bending. Unlike this magne-
tostrictive behaviour, the entire slender sample bends in the same
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Fig. 3. Influence of magnetic BCs on the magnetostriction of sMRE and hMRE, slender and bulky cylindrical samples. The slender sample has a diameter of 20 mm and
the bulky one, a diameter of 4 mm. Both have a common thickness of 1 mm. (Column 1) Magnetostriction of a sMRE and hMRE sample under a 200 mT ideal homogeneous
magnetic field. The actuation on the hMRE has the opposite direction with respect to the remanent magnetisation of the sample. (Column 2) Magnetostriction under magnetic
actuation with a permanent magnetic. The separation between the sample and the magnet is determined to achieve a 200 mT field on the MRE. (Column 3) Magnetostriction for
the actuation with the rheometer setup. The current in the coil induces the magnetic field in the vertical direction. In the upper region, it is not perfectly homogeneous. (Column
4) Magnetostriction for the electromagnet actuation setup for a sample placed in between the magnetic poles. For all the actuation setups, note that the grey arrows on the upper
illustration represent the magnetic induction vector (B). Moreover, note that the remanent magnetic field of the hMRE samples is 𝜇0H

𝑟 = ±15 𝐞2 mT. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
direction when the magnetic field is not perfectly homogeneous. These
are the cases for the actuation with the permanent magnet and the
coil system. On the contrary, the bulky sample exhibits deformation
of the entire MRE, since it tends to macroscopically rotate and align
with the field. In addition, the field created with the coil produces an
additional instability in the inner region of the slender sample. Overall,
the results demonstrate the remarkable effects of the magnetic BCs on
the magnetostrictive response of MREs. In this regard, the response
of a sMRE can range from a simple, albeit non-uniform, uniaxial
deformation to more complex functional deformations (e.g., bending)
as long as the magnetic field is not perfectly homogeneous.
6

3.3. The influence of magnetic boundary conditions is particularly strong
on the sample boundary

The non-ideal actuation setups lead to a magnetic field that is not
perfectly homogeneous, neither at the free space nor inside the sample.
A quantification of the magnetostriction of the bulky sMRE samples is
given in Fig. 4. The deformation map (components 𝐹11 and 𝐹22) and
the magnetic field (component 𝐵2) are provided for inner 𝑥 − 𝑧 and
𝑦 − 𝑧 cut planes. In addition, to examine the evolution of the fields
with the magnetic loading, the local equivalent strain is plotted versus
the magnetic induction at two control points: one at the middle of the
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sample and the other at the middle top surface. For the permanent
magnet and coil setups, the results reveal significant heterogeneity in
both the deformation map and magnetic field.5

Within the same plane, 𝐵2 oscillates between 50 mT and 250 mT for
he permanent magnet actuation and between 140 mT and 200 mT for
he coil configuration. Likewise, the stretch 𝐹11 varies from 0.7 to 0.95
or the permanent magnet and from 0.7 and 0.85 for the coil setup. In
urn, the stretch 𝐹22 illustrates vertical expansion inside the sample and
ompression of the edges. Finally, the electromagnet with the two iron
oles is the actuation setup that resembles the most ideal homogeneous
ar-field with the more homogeneous deformation and magnetic fields.
n this respect, the deformation only presents some heterogeneity in
he peripheral edges. Regarding the evolution of the equivalent strain
ith the magnetic actuation, it begins with a quadratic form, reaching

aturation fairly fast at larger magnetic fields.

.4. Homogeneous remanent magnetisation in hMREs leads to heteroge-
eous magnetic fields and deformations even under external homogeneous
agnetic fields

The immersion of a hMRE sample with remanent magnetisation in
homogeneous magnetic field generates heterogeneities in the mag-

etic and deformation fields. To quantify this effect, Fig. 5 includes
lots of the 𝐵2-field and the 𝐹22-field on bulky hMRE samples under
omogeneous magnetic actuation and the permanent magnet setup.
n addition, Fig. 5.c shows, for homogeneous magnetic actuation, the
2-field on a cross-section cut of the complete computational domain:
MRE and free space. While the field is homogeneous far from the
ample, it becomes heterogeneous in the magnetic sample and neigh-
ouring free space. Note that we impose here a small 𝐵-field actuation
f 50 mT to show that, even at low magnetic fields, mechanical and
agnetic heterogeneities appear. Overall, these results highlight the
eed to accurately account for real magnetic BCs and solve the coupled
agneto-mechanical problem.

.5. Structural effects associated with sample geometry influence MRE
eformation modes

The magnetostriction is usually driven by structural effects, i.e.,
acroscopic interactions between different domains of the material.
he influence of such geometrical effects were experimentally illus-
rated by the authors in a previous work (Lucarini et al., 2022) where
lender and bulky cylindrical sMRE samples were tested on the coil
ystem under free deformation conditions (see Fig. 6). While the bulky
amples performed an almost uniaxial reduction of the diameter and
ncrease of the thickness, the slender disks exhibited a more complex
eformation, namely bending. To explain such a behaviour, the authors
iscussed the mechanisms of paramagnetic torques, which drive the
ormation of chains of particles and their alignment with the external
agnetic field. In order to further demonstrate the need for the in silico

eproduction of the magnetic BCs and the geometry of the structure,
ext we apply the framework introduced in the previous sections to
imic the deformation modes of samples with alternative geometries.
e compare the virtual results with the experimental counterparts.
ote that all structures are actuated with a magnetorheological device

i.e., coil system).

5 The coil system, commonly used in magnetorheological devices, has been
sed without the upper yoke to allow free deformation conditions. This
roduces the heterogeneities in the magnetic field that drive the structural
ffects in the magnetostriction of shMRE samples. On the contrary, when
he upper yoke is used, the magnetic field is fairly homogeneous in all the
iddle space where the sample is placed. This setup was previously used

y the authors to perform the rheological characterisation of ultra-soft sMRE
amples (Moreno et al., 2021). In this regard, Appendix shows the spatial
-field obtained with an additional simulation.
7

We begin with nine simulations on sMRE disks with diameters of
4 mm, 6 mm, and 20 mm and magnetic particles’ contents of 𝜙 =
{0.1, 0.2, 0.3} (see Fig. 6). For the 4 mm and 6 mm disks, we quantify
the magnetostriction as the engineering overall vertical strain. The
smaller disk undergoes a larger vertical deformation than the 6 mm
one, with values of 42 %, 57 % and 59 % from the lowest particles’
content to the highest. In turn, the 6 mm disk presents values of
38 %, 40 %, and 56 % strain. Moreover, the larger the diameter
of the disk, the larger the structural effects, i.e., the disk undergoes
bending in its peripheral regions, which tend to align with the external
magnetic field. Given that the slenderness of the structures is a crucial
factor influencing the formation of instabilities, we report additional
simulations varying the thickness of the sMRE samples (1 mm and
0.5 mm), see Fig. 6. The 0.5 mm one leads to smaller axial deformation
and larger bending. Overall, these results agree qualitatively well to
the experimental findings, demonstrating that the implementation of
the entire BVP and its magnetic BCs is paramount to properly link the
constitutive framework to the real behaviour. Especially, it is important
when non-uniform deformations are shown to be the rule in spite of
substantial efforts to have uniform fields in the sample.

Unlike sMREs, hMREs with remanent magnetisation show more
complex magnetostriction even under homogeneous magnetic fields.
This is a direct result of the transmission of torques from the parti-
cles to the elastomeric matrix. Next, we report additional simulations
for two bending disks (4 mm and 20 mm diameter) and a bending
beam that mimic the experimental specimens reported by the authors
in Moreno-Mateos et al. (2022c). The deformation of the hMRE sam-
ples under reverse magnetic actuation uncover interesting tendencies
(see Fig. 7.A). The bending disks perform two structural instabilities
depending on the diameter. The first one, for the smaller disk, may be
described as a saddle-like instability; whereas the second one, for the
larger disk, resembles a wave-like deformation. Moreover, the deforma-
tion of the beam can be categorised as a twisting deformation mode.
For all these cases, the deformation is such that the pre-magnetisation
vector tends to align with respect to the external magnetic induction.

As a final consideration, we explore the performance of a gripper
actuator whose behaviour lies in the magneto-mechanical coupling of
MREs. Traditionally, these structures have been prepared with hard-
magnetic particles to perform functional morphological changes (Becker
et al., 2018; Xu et al., 2019; Song et al., 2020; Xu et al., 2021; Ze et al.,
2020). Related to these applications, we implement a four-arm actuator
and apply the magnetic actuation with the coil system framework.
The implementation of both sMRE and hMRE configurations provides
guidance for the choice of the type of magnetic particles. The results
for the deformation of the gripper in Fig. 7.B show that, although the
hMRE allows for more intricate shape changes than the sMRE actuator,
a remarkable bending is obtained with the sMRE configuration. This
behaviour owes to the non-homogeneous nature of the magnetorhe-
ological device used for the magnetic actuation, which produces the
macrostructural arrangement of the sample with the field lines despite
lacking the remanent magnetisation of hMREs that typically drives
torques.

4. Discussion and conclusion

Numerous previous works in the literature addressing the modelling
of MREs under magnetic actuation sometimes reported controversial
results. In this regard, it is sometimes unclear if, under external mag-
netic actuation, a MRE sample should compress, elongate or undergo
an even more complex mechanical response. In this work, we have
experimentally demonstrated that samples using the same material and
geometry can respond differently to magnetic stimuli with a priori same
magnitude (Fig. 2). An extended argument in the literature to explain
such discrepancies relates to the microstructural distribution of mag-
netic particles within the MRE (Boczkowska and Awietj, 2012; Kalina
et al., 2020a; Romeis et al., 2019). These works suggest that contraction
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Fig. 4. Quantification of the magnetostriction of bulky sMRE samples for the different magnetic actuation BCs. (a) Deformed configuration of the samples for a vertical
magnetic induction of 150 mT. (b) Evolution of the equivalent strain with the 𝐵2 component at a middle point and a top-middle point. The equivalent stress is defined as
𝜖 =

√

2
3
𝐄 ∶ 𝐄, with 𝐄 = 2

3
[𝐂 − 𝐈]. (c) Contour plots of the component 𝐵2 of the magnetic induction for a 𝑥−𝑧 cross-section at half the height of the cylindrical sample. (d) Contours

plots of the component 𝐹11 of the deformation gradient for a 𝑥− 𝑧 cross-section at half the height of the cylindrical sample. (e) Contour plots of the component 𝐵2 of the magnetic
induction for a 𝑦 − 𝑧 cross-section at the middle of the cylindrical sample. (f) Contours plots of the component 𝐹22 of the deformation gradient for a 𝑦 − 𝑧 cross-section at the
middle of the cylindrical sample. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Quantification of the magnetostriction of bulky hMRE samples for the ideal magnetic actuation and the permanent magnet setup. (a.1-4) Contour plots of the
𝐵2-field and 𝐹22-field for 𝑦− 𝑧 and 𝑥− 𝑦 cross-sections of the cylindrical samples under ideal homogeneous magnetic actuation. The remanent magnetisation (𝜇0H

𝑟 = 15 𝐞2 mT) and
the magnetic induction vectors have opposite directions. (b.1-4) Contour plots of the component 𝐵2 of the magnetic induction and the component 𝐹22 of the deformation gradient
for 𝑦− 𝑧 and 𝑥− 𝑦 cross-section of the cylindrical samples for the permanent magnet setup. The permanent magnetisation and the magnetic induction have opposite directions. (c)
Vertical component 𝐵2 of the magnetic induction field on the hMRE sample and the surrounding air to show the heterogeneity on the B-field on the pre-magnetised sample and
the contiguous air. The pre-magnetisation and the magnetic induction have the same direction. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
occurs when the particles are anisotropically aligned and expansion
when they are isotropically arranged. Along this idea, other authors
have also explored the sign of the magnetostrictive deformation using
also a microstructural viewpoint (Danas et al., 2012; Ivaneyko et al.,
2014; Gao and Wang, 2019; Fischer and Menzel, 2019; Garcia-Gonzalez
and Hossain, 2021a). In an attempt to reconcile both experimental and
computational observations, in Lucarini et al. (2022) we presented a
microstructural study focused on the interplay between magnetic and
viscohyperelastic responses. One of the conclusions was that, to faith-
fully reproduce the magneto-mechanical problem, the computational
model must account for the magnetic BCs by explicitly incorporating
the magnetic sources.

In the current work, we demonstrate that the magnetic BCs and
nature of the applied field are the primary factors determining the
macroscopic response of soft MREs. We offer a comprehensive overview
of the magnetostrictive behaviour of sMREs and hMREs under various
magnetic boundary conditions. Special attention is drawn to the impli-
cations of the actuating magnetic field and the geometry of the MRE
structure on their deformation. To this end, we have implemented a
numerical framework that mimics ideal homogeneous magnetic actua-
tion and three frameworks reproducing real actuation setups. These are
the actuation with a permanent magnet, with a coil system commonly
9

used in magnetorheological devices, and with an electromagnet with
two iron poles. In addition, the use of slender and bulky samples allows
to examine the formation of instabilities. These results are compared to
equivalent empirical ones to stress the importance of reproducing the
entire boundary value problem and not mislead the connection between
constitutive modelling and the empirical structural behaviour. Overall,
the coupled response of the MRE has to be understood as the compe-
tition of microscopic particle–particle and particle-matrix interactions
and macrostructural interactions between different domains of the MRE
sample (Gao et al., 2012; Danas, 2017; Romeis et al., 2019; Gao and
Wang, 2019; Wang et al., 2020).

Real magnetic actuation setups and the inhomogeneous nature of
the magnetic field result in a more complex magnetostrictive response
of sMREs, as demonstrated by the sMRE gripper actuator in Fig. 7.B.
Undoubtedly, far from being a penalty, this can inspire not only the
design of the magneto-responsive material, but also the nature of mag-
netic fields used for its actuation. Existing works prove that the design
of heterogeneous magnetic fields is an excellent driver to achieve
responsive MREs (Moreno-Mateos et al., 2022a). Simultaneously, the
design of multi-material structures with different magnetic domains can
help achieve more sophisticated deformations (Kim et al., 2018; Lopez-
Donaire et al., 2022). Guided by complete computational frameworks,
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Fig. 6. Comparison of the in silico magnetostriction of cylindrical sMRE samples with experimental results for magnetic actuation with a magnetorheological device
equipped with a coil system. The computational results display the deformed samples (blue) and the lower plate of the rheometer (grey). The experimental results have been
extracted from Lucarini et al. (2022). The cylinders have diameters of 4 mm, 6 mm, and 20 mm, thickness of 1 mm and magnetic particles volume ratios (𝜙) of 0.1, 0.2, and 0.3.
The shear moduli and magnetic permeabilities for the sMRE and hMRE and magnetic particles’ contents are taken from Table 1. In addition, the magnetic induction on the base
of the sample is 300 mT. For the 4 mm and 6 mm samples, the vertical (engineering) strain quantifies the vertical expansion. Moreover, the computational framework is applied
to explore the influence of the thickness on the magnetostriction of sMRE samples: the magnetostriction of three sMRE cylindrical samples with 4 mm, 6 mm, 20 mm diameter
and thicknesses of 1 mm and 0.5 mm is compared. The results for the thinner samples suggest a more unstable behaviour. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
further approaches may consider other magnetic actuation setups and
the pre-magnetisation process of hMRE structures. As reported by
Ren et al. (2019) (see also simulations in Mukherjee et al. (2021),
Mukherjee and Danas (2022)), heterogeneous pre-magnetisation pat-
terns would allow for higher flexibility in the design of magnetostrictive
s/hMRE structures. In this regard, non-uniformly pre-magnetised slen-
der soft actuators can perform a functional magnetostriction even for
low magnetic actuations, which prevents the evolution of the remanent
magnetisation and the magnetic dissipation (Mukherjee et al., 2021).
Moreover, the connection of the present work with FE2 homogenisation
schemes would help understand the connection between micro- and
macro-scales (Kalina et al., 2022). The comparison of our approach
with these microstructural models would help understand the structural
effects, such as fringe effects on edges (Zabihyan et al., 2020).
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Fig. 7. Computational magnetostriction of hMRE samples for reverse magnetic actuation with the magnetorheological device equipped with a coil system and application
of a sMRE and hMRE four-arm gripper. (A.Left) A cylindrical sample with 4 mm diameter and 1 mm thickness exhibits a saddle-like instability. (A.Centre) A 20 mm diameter
disk shows a wave-like deformation. (A.Right) A cantilever beam of 20 mm length and 5 mm width is twisted under magnetic actuation. Moreover, the magnetic induction on the
lower plate of the rheometer is of 300 mT and the remanent magnetisation of the hMRE samples is 𝜇0H

𝑟 = −15 𝐞2 mT. (B.Left) The gripper actuator before magnetic actuation,
(B.Centre) sMRE gripper actuator under an upwards magnetic field, and (B.Right) hMRE gripper actuator with an upwards pre-magnetisation 𝜇0H

𝑟 = −15 𝐞2 mT and a downwards
magnetic field. The magnetic induction of b = −300 𝐞2 mT is measured at the based of the MRE sample to mimic the hall probe in the real rheometer.
Fig. 8. Homogeneous magnetic actuation with the magnetorheological device equipped with a coil system when using the upper yoke to confine the magnetic field.
Magnetic induction for (a) free space between the upper and lower plates and for (b) a sMRE sample placed in the gap. The yoke is modelled with a magnetic permeability of
𝜇𝑟 = 5 and 𝐺 = 1 ⋅ 103 kPa. Note that the free space is not visualised to facilitate the interpretation of the results. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
Appendix. Magnetorheological device with the upper yoke

The magnetorheological device has been used without the upper
yoke to allow for free deformation conditions. This produces the het-
erogeneities in the magnetic field that drive the structural effects in
11
the magnetostriction of s/hMRE samples. When the upper yoke is
used, the magnetic field is fairly homogeneous in all the middle space
where the sample is placed. This set up was previously used by the
authors to perform the rheological characterisation of ultra-soft sMRE
samples (Moreno et al., 2021). To illustrate the homogeneity of the field
when the upper yoke is used, Fig. 8 shows the b-field on a middle cut.
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